In geosynchronous Earth orbit SAR (GEO SAR), Doppler centroid compensation is a key step for imaging process, which could be performed by the attitude steering of a satellite platform. However, this zero-Doppler centroid control method does not work well when the look angle of radar is out of an expected range. This paper primarily analyzes the Doppler properties of GEO SAR in the Earth rectangular coordinate. Then, according to the actual conditions of the GEO SAR ground observation, the effective range is presented by the minimum and maximum possible look angles which are directly related to the orbital parameters. Based on the vector analysis, a new approach for zero-Doppler centroid control in GEO SAR, performing the attitude steering by a combination of pitch and roll rotation, is put forward. This approach, considering the Earth's rotation and elliptical orbit effects, can accurately reduce the residual Doppler centroid. All the simulation results verify the correctness of the range of look angle and the proposed steering method.
Introduction
There has been an increasing interest in Geosynchronous Earth orbit SAR (GEO SAR) for the purpose of surveillance with large observation. In fact, this broadside-looking SAR has a non-zero-Doppler centroid due to the Earth's rotation and elliptical orbit effects [1] . Compensating the residual Doppler centroid is an important step to solve the rangeazimuth coupling which decreases the quality of SAR imaging. The zero-Doppler attitude steering method was first put forward by Raney in the literature [2] , which used a 1D yaw steering method to compensate the Doppler shift induced by the Earth's rotation. This method is useful in circular orbits, but it causes larger Doppler shifts in elliptical satellite orbits like GEO SAR. Later, a method (the TerraSAR-X method) of 2D attitude steering was carried out in the low Earth elliptical orbits (LEO) SAR in literatures [3, 4] , yet this 2D attitude steering method does not work well particularly with the large residual Doppler centroid exited in GEO SAR. Then, the total zero-Doppler steering (TZDS) method was proposed in the literatures [5, 6] , taking the Earth's rotation and elliptical orbit effects into account. The method in [5] can minimize the Doppler residuals in the LEO SAR system, but it is not suitable for the GEO SAR system. Subsequently, a 2D phase scan method was introduced in literatures [7, 8] , which carried out a highly accurate compensation of the Doppler centroid in GEO SAR. By using the 2D phased scan instead of the attitude steering, the approach in [7] can avoid the satellite platform rotation and stabilization.
However, these methods mentioned above are invalid or inaccurate when the look angle of radar is out of an effective range, which is elaborated as follows.
(i) The Earth's surface could not be observed by the radar when the look angle is greater than the maximum of the range.
(ii) The coverage of radar cannot provide valid echoes with a zero-Doppler centroid when the look angle is less than the minimum of the range.
For the above issues, this paper introduces a general approach to compensate the Doppler centroid frequency for the spaceborne SAR which works with a look angle within an effective range. The paper is organized as follows. Section 2 describes the GEO SAR geometry and notation, and the Doppler vector of the satellite-borne SAR is analyzed in the Earth rectangular coordinate (ERC). In Section 3, the derivation of the effective range of the look angle is firstly presented in detail. The range is determined by the satellite orbit parameters such as the orbital eccentricity, the argument of perigee. Then, based on a reasonable look angle, a new method of zero-Doppler centroid control, performed by the pitch and roll attitude steering, is introduced. In Section 4, simulation results validate the correctness of derivation in the paper. Conclusions appear in Section 5.
Vector Analysis in GEO SAR Model
The geometry of the Earth rectangular coordinate (ERC) -4 4 4 is shown in Figure 1 . The ERC can be defined as the coordinate origin is the Earth's center , the 4 -axis is along the Greenwich meridian direction in the equatorial plane, the axis of 4 -axis is along the Earth angular momentum direction, and the 4 -axis obeys a right-hand rule. In Figure 1 , is the intersection of the beam-pointing direction and the Earth's surface, which is called the "beam center point" (BCP) in this paper, and is the nadir point of the satellite. R t and R s are the position vectors of the BCP and the satellite, respectively.Ṙ s andṘ t are the first-order time derivative of R s and R t . The relative position vector between the satellite and the BCP is expressed as R st = R s − R t . The slant range st = R s − R t varies along the orbit, which can be calculated by
where is the look angle of radar (shown in Figure 1) ; ( ) and are the magnitudes of R s ( ) and R t ( ), respectively. Note that is a constant that is the length of the Earth's radius. The formula of ( ) is given by the literature [9] .
The Doppler centroid dc of the beam center point along the orbit is given by the literature [7] :
where is the radar wavelength; the symbol || indicates the vector magnitude. Noting thatṘ t ( ) = 0 in the ERC, the formula of the Doppler centroid can be rewritten as
It is apparent that the Doppler centroid dc ( ) is not only determined by the satellite position, but also dependent on the position of the BCP. Both are important for the analytical derivation of the 2D attitude steering angles, which will be shown in Section 3.
To obtain the analytic formula for the position vector of the BCP, it is needed to find the relationship between the satellite and the BCP in the satellite local coordinate system (SCS) -(see Figure 1 ). The SCS is defined as the coordinate origin is the center of the satellite mass, the -axis is along the satellite position vector towards the Earth's center, the axis of is perpendicular to the -axis in the orbital plane (the angle between the axis and the satellite velocity vector is less than 90 ∘ ), and the -axis obeys the right-hand rule. The formula for the slant range vector of the BCP in the SCS can be expressed as
where ( ) is the angle between the axis and the projection of the beam pointing vector in the -plane (as shown in Figure 1 ) and can be presented as
where is the squint angle of radar and ( ) is the angle between the -axis and the satellite velocity vector:
The position equation of the BCP in the Earth rectangular coordinate is given by
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where the symbol × represents cross product, is the Earth's angular velocity, indicates the orbit inclination, Ω 0 is the longitude of ascending node, 0 represents the argument of perigee, and ( ) indicates the argument of latitude (i.e., the sum of the true anomaly and the perigee argument).
Zero-Doppler Centroid Control
As we known, when the angle = 90 ∘ , the beam-pointing vector is perpendicular to the velocity vector of satellite, and R st ( ) ⋅Ṙ st ( ) = 0 in (2). However, owing to the influences of earth rotation and elliptical orbit, sometimes R st ( )⋅Ṙ st ( ) ̸ = 0, especially in GEO SAR, and it affects the quality of image by the residual Doppler centroid. Fortunately, it can be resolved by steering the satellite's attitude angles to reduce the offset of the Doppler centroid.
The geometry of the spaceborne radar, after zero-Doppler centroid control, is illustrated in Figure 2 , in which the radar observes the Earth's surface with the look angle . is the angle of instance; is the geocentric angle which is given by
The distance between the radar and the BCP over the orbital period can be calculated by
After the attitude steering, the relative velocity vector between the satellite and the BCP is perpendicular to the relative position vector. According to the properties of the vector inner product, we have Then, combining the aforementioned expressions, the position equation of the new beam center point (after the attitude steering) in ERC, which is expressed as [ ( ) , ( ) , ( )] for the convenience of clarity, can be calculated by the following equations:
where the position vector of the satellite [ ( ) , ( ), ( )] and its velocity vector [̇( ),̇( ),̇( )] are given by the literature [10] . ( ), ( ), and ( ) are solved as follows:
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where
In (13), = +1 denotes the radar looks from the left-side, while = −1 means the radar is right looking.
Under the condition of circular orbit, ( ) = 0 and (13) can have solutions. For an elliptical orbit SAR, like GEO SAR, the necessary and sufficient condition when (13) has solutions is that the square root terms in ( ) need to meet the following requirements:
Meanwhile, to ensure the observation of a target fixed on the Earth by a space-borne SAR, the following inequality need to be satisfied:
Combining (15) Through the transformation matrix between the SCS and the ERC, the track of the new beam center point in the SCS can be calculated by
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where ( ) is the angle that the satellite rotates around the axis of and ( ) is the angle that the satellite rotates around the axis of . Based on the relationship between the attitude steering angles and the axis angles ( ( ) and ( )) in (20), the pitch steering angle ( ) and the roll steering angle ( ) can be expressed as
Simulation and Analysis
For investigations of the numerically applied 2D steering method, the relevant orbit parameters of GEO SAR as listed in Table 1 are used. Before the 2D attitude steering, the Doppler centroid dc varies along the orbit, as the blue line shown in Figure 3 . The non-zero-Doppler centroid is caused by Earth's rotation and the elliptical orbit. The red line in Figure 3 shows that dc can be perfectly compensated to zero by using the approach presented in this paper.
In simulations, the GEO satellite starts at the ascending node, and the radar is left looking during the orbital period. Figure 4 depicts the two attitude angles of the proposed method which can minimize the Doppler centroid shifts. In Figure 4 , the positive/negative values of the angle indicate the angles that the satellite rotates around its axis anticlockwise/ clockwise. It is apparent that both the attitude angles vary within a small range of degrees. The maximum pitch steering angle is about 3.7 ∘ and the maximum roll steering angle is nearly 2.4
∘ . As can be seen, there is no demand on the attitude steering when the satellite platform lies in the perigee or apogee because the relative velocity of the satellite is perpendicular to the beam direction at that moment. Figure 5 depicts the tracks of the BCP before and after the attitude steering and the track of the nadir point in the Earth's Latitude and Longitude Coordinate, represented by the red, blue, and green dotted lines. The red, blue, and green lines describe these three tracks (from the starting point to the perigee point) during the time that the satellite runs from the ascending node to the perigee.
As can be seen from Figure 5 , there is a great difference between the red and blue lines at the starting point where the residual Doppler centroid is great. After that the red and blue lines come together at the perigee point, which means that there is no demand on the zero-Doppler centroid control when the satellite reaches its absolute perigee. Figure 6 shows the effective range of the look angle along the orbit. Specifically, the look angle should not be less Figure 6 (a)) and not be greater than the maximum angle (shown in Figure 6 (b)). If the look angle is 0.6 ∘ after attitude steering, as the green line shown in Figure 6 (a), the zero-Doppler centroid control is effective only during the time
. Therefore, it is needed to take the effective range into account when the zero-Doppler centroid method is performed.
According to (17), the orbit parameters have a bearing on the range of look angle. Figure 7(a) illustrates the relationship between the minimum look angle and the orbital eccentricity at different arguments of perigee. There is an upward trend of the minimum look angle with the increase of eccentricity at all arguments of perigee. As the argument of perigee is 90 ∘ , the minimum value grows at the lowest speed, and it has the fastest growth rate when the argument of perigee is 60 ∘ . According to (16), the maximum value of the look angle only relates to and ( ), and it decreases with increasing the orbital eccentricity (shown in Figure 7(b) ). Generally, the minimum value is supposed to be less than the maximum one. Otherwise, the radar beam may radiate the space outside the Earth after the zero-Doppler centroid control, as in the case that the eccentricity is about 0.14 and 0 = 90 ∘ .
Conclusion
The contribution of this paper is that it introduces the effective range of the look angle, in which the zero-Doppler centroid control is feasible for GEO SAR system. Meanwhile, a new calculation approach is proposed for the attitude steering angles. The 2D method, combining the pitch steering with roll steering, provides a new implementation for the satellite attitude control. This approach is deduced from the aspect of the Earth observation rather than the satellite motion model. Therefore, it is suitable for general Earth orbit SAR system. Simulations validate the expressions derived and the proposed zero-Doppler centroid control method. Lastly, the relationship between the range of the look angle and the orbital parameters is illustrated, which would be helpful for the design of the satellite orbit.
